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A GENERALIZATION OF PRINCIPAL BUNDLES WITH A PARABOLIC OR 

LEVEL STRUCTURE 

NIKOLAI BECK 


Abstract. We define a parameter dependent notion of stability for principal bundles with a certain 
local decoration, which generalizes both parabolic and level structures, and construct their coarse moduli 
space. A necessary technical step is the construction of the moduli space of tuples of vector bundles with 
a global and a local decoration, which we call decorated tumps. We introduce a notion of asymptotic 
stability for decorated tumps and show, that stable decorated principal bundles can be described as 
asymptotically stable decorated tumps. 


Introduction 

Motivation. Let A be a smooth projective curve over C and .To a closed point in X. There are different 
examples of vector bundles with a decoration over to: A parabolic structure on a vector bundle E is 
a weighted flag in the fiber over xq. By a generalization of the Narasimlran-Seshadri theorem there is 
a bijection between stable parabolic vector bundles on X and irreducible unitary representations of the 
fundamental group 7Ti(X) [16]. A level structure of £ is a completed homomorphism E\ Xo =$■ C rk ^ E ^. 
These objects play an important role in the compactification of the stack of shtukas using GIT (see [12]). 
In our previous paper [2] we constructed the moduli space of decorated vector bundles, which generalize 
both examples. The aim of this article is to establish similar results for decorated principal bundles. 

Let G be an affine reductive group and a a representation. We call a pair of a principal G-bundle P 
and a point s in the associated bundle P a over To a decorated principal bundle. We define a notion of 
stability for decorated principal bundles, depending on a character of G and positive rational number. 
The main result is the existence of the (projective) moduli space of (semi-)stable decorated principal 
bundles (see Theorem 3.8 for a precise statement). 

If Q C G is a parabolic subgroup and a is the natural action of G on the generalized flag variety G/Q , 
then a decorated principal bundle is a parabolic principal bundle. Our construction thus generalizes the 
result of Heinloth and Schmitt [9], who constructed the moduli space of parabolic principal bundles with 
semisimple structure group. 

If a is the action of G on its wonderful compactification G, then a decorated principal bundle is a 
principal bundle with a level structure. In analogy to the vector bundle case these should be useful for 
the compactification of the stack of G-shtukas via GIT. 

Outline. The construction of the moduli space is carried out following the strategy for principal bundles 
explained in [15]. In Section 1 we introduce the necessary notation for tuples of vector bundles, before 
we construct the moduli space of decorated tumps in Section 2. The construction is very similar to the 
construction of moduli space of decorated swamps from [2], and we focus on the differences. Additionally, 
we introduce the notion of asymptotic stability and show, that for a large enough parameter the notion 
of stability is equivalent to that of asymptotic stability. This generalizes results from [4]. 

In Section 3 we fix a closed embedding of G into a product of general linear groups. This allows 
to describe a decorated principal bundle as a tuple of vector bundles with a reduction of the structure 
group and a local decoration. For technical reasons we need to encode this reduction as a section in an 
associated projective bundle constructed with a homogeneous representation. This leads to the notion 
of decorated tumps. We show, that stability of a decorated principal bundle is equivalent to asymptotic 
stability of the corresponding decorated tump. The moduli space is then constructed as a GIT-quotient 
of a certain parameter space. 

Finally, Section 4 contains the examples of decorated principal bundles, namely parabolic principal 
bundles and principal bundles with a level structure. 
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Notation and Conventions. In this work we will identify a geometric vector bundle E with its sheaf 
of sections. If F is a subsheaf of E, the subbundle generically generated by F is 

ker(T-> ( E/F)/T ), 

where T is the torsion subsheaf of E/F. We denote by P(T') the hyperplane bundle Proj(Sym* E). For 
x £ R we set [a;]+ := max{a;,0}. If X and Y are schemes, we denote by pr Y and pr Y the canonical 
projection from the product X x Y to X and Y respectively. 

Acknowledgement. This article presents the main result of the author’s PhD thesis [3]. The author 
would like thank his advisor A. Schmitt for his guidance. 

1. Preliminaries 

In order to fix the notation we recall some facts about split vector bundles. 

1.1. Split Vector Spaces. Let T be a finite index set. 

Definition 1.1. A T-split vector space is T-tuple of complex vector spaces V = (V*,t £ T). A homo¬ 
morphism f : V —> W of T-split vector spaces is a tuple of homomorphisms (/* : V 4 —>• IV 4 , f £ T ). 

The category of T-split vector spaces is an abelian category. The dimension vector of a T-split vector 
space V is the tuple d := (dim(V 4 ),t £ T). Its automorphism group is 

GL t (P) := n GL(V 4 ) = GL(d, C) := GL(d t , C). 

ter ter 

For positive rational numbers Kt, t £ T, the k- dimension of V is dim^V) := dim(V 4 ). We also 

define 

SLf (V) := i (g t , t £ T) £ GL T (V) [] detfo)"* = 1 

l teT 

Remark 1.2. Suppose k is a T-tuple of positive integers. We call V®- := © t6T V 40K ‘ the K-total space 
of V. There is a natural embedding 

G : GL r (V) -A GL(V®*). 

Note that we have dim^(P) = dim(V®-) and SL^(V) = (,“ 1 (SL(V®-)). 

Definition 1.3. A weighted flag of length k of a T-split vector space V is a pair (14, a), where V, is a 
flag 0 = V 0 C ... C Vc+i = V of T-split subspaces and a is a fc-tuple of positive rational numbers. 

Given a one-parameter subgroup A of SL^(V), there are a number k, weights 7 *<...< 7 fe+i and a 
decomposition of V into T-split eigenspaces V l ,l<i<fc + 1, such that A(c) • v = c li v for all t £ T, 
v £ (V l Y and c £ C*. We define the associated weighted flag (V.,a) of A by setting Vj := ®( =1 V* and 
a o '■= (7j+i - 7 j)/ dim«(V) for j = 1 ,..., k. 

Conversely, if (14, a) is a weighted flag, we choose a decomposition V = © i ^ V 1 , such that Vj = 
®i=i V*. Furthermore we define 

k k 

7 i '■= X] a J di ^-aSYj) - a i dhn«(V), i = 1 ,..., k + 1 . 

3=1 1 =» 

Let m be the least common denominator of 71 ,..., 7 fe+i and define a one-parameter subgroup A of SL^V) 
by A(c) • v := c mii v for v £ V 1 , 1 < i < k + 1 and c £ C*. Then (V., ma) is the associated weighted flag 
of A 

Definition 1.4. A representation p : GL(d, C) —>• GL(V) is homogeneous of degree 7 , if p(c ■ id) = c 7 idy 
for all c £ C*. 
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Proposition 1.5. Let W be a T-split vector space, k £ Z> 0 and p : GL t(W) —> GL(G) a homogeneous 
representation of degree 7. Then there are natural numbers a,b,c with 7 = a — cdim^TT), such that V 
is a direct summand of the representation 


w abc := (w^® a y b 


dim«_(VU) \ 

f\ w ) 


Proof. This is Proposition 2.5.1.2 in [15]. 


□ 


1.2. Split Vector Bundles. Let X be a smooth projective curve over the complex numbers and T a 
finite index set. 

Definition 1.6. A T-split sheaf on A is a tuple of coherent sheaves T = (F t , t £ T). A morphism 
f : T —» Q of T-split sheaves is tuple of morphisms (/* : J 74 —t Q f ,t £ T). 

The rank vector of a T-split sheaf T is rffF) = (rk(J rt ), t £ T), its degree vector is d{F) = (deg(J 7 *), t £ 
T). 


Remark 1.7. The category of T-split sheaves is an abelian category. 

Definition 1.8. Let F be a T-split sheaf, k £ Q> 0 and % £ Q T . The y-ranA: and the (k, %)- degree of T 
are 

rk x (T) := Xt r k(T*), deg^(T) := ^ (« t deg(.F 4 ) + Xt rk(T 4 )) , 

teT teT 

respectively. If rk x (J 7 ) ^ 0, then the (ft, x)-slope of T is 

trs de g«,x( jr ) 

Mfv.xwj — rW • 

Remark 1.9. Suppose k is T-tuple of positive integers. Then, the rank of the K-total sheaf J 7 ®- := 
® (gT T 4 ® Kt is given by rk(T®^) = rk«(T). 

Definition 1.10. A T-split vector bundle is a T-split sheaf E = (T 4 ,f £ T), such that for every t £ T 
the sheaf E 4 is a vector bundle. A morphism of T-split vector bundles is a morphism of T-split sheaves. 


Remark 1.11. The datum of a T-split vector bundle with rank vector r is equivalent to the datum of 
principal bundle with structure group GL(r, C). 

Definition 1.12. A T-split vector bundle E is (k, x)-(semz-) stable if every T-split proper subslreaf J 7 
with rk il (J 7 ) ytz 0 satisfies the condition 

Remark 1.13. (i) If |T| = 1, then a T-split vector bundle E is nothing but an ordinary vector bundle, 

and E is (k, x)-(semi-)stable if and only if E is (semi-)stable as a vector bundle. 

(ii) As in the case of vector bundles one can show that a T-split vector bundle is (k, x)-(semi-)stable 
if and only if Pk,, x (F)(<) p^ x (E) holds for every non-trivial proper T-split subbundle F C E. 

(iii) Because the K-rank and the (k, x)~degree are additive for short exact sequences, we get 

Tk,x(F) < Rk,x(E) + C <—> Tk,\{F) < Rk,x(E/F) + C— 

for all T-split subbundles F C E with rk^T) ^ 0 ^ rk J^E/F). 

(iv) Because the category of T-split sheaves is abelian, there exists a unique Harder-Narasimhan- 
filtration of a T-split vector bundle E. This allows us to define the maximal and the minimal slope 
/imax(L) ■ /Lnax.K.x[A) and /Lmin (F) ; — pmin, k, x (E) respectively. 

Definition 1.14. A weighted flag of a T-split vector bundle E is a flag of T-split subbundles E . of length 
l = 1(T.) together with a weight vector a £ Q> 0 - 
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For a weighted flag (E ,, a) we set 

i(s.) 

Mk,x(E;Ql) ■= E a-j (deg^^rk^^) - deg^(^) rk«(£)) . 
j=i 

It is obvious, that a T-split vector bundle E is (semi-)stable if and only if the condition 

Mk,x(E.,o_)(>)0 

holds for every weighted flag (E,,a) of E. 

Lemma 1.15. Let E ^ 0 be a T-split vector bundle and set T{E) := {t £ T \ E t ^ 0} C T. 

(i) If E is (k,x)- stable, then \T(E)\ = 1. 

(ii) If E is (k,x)- semistable, then for every index t £ T(E) the vector bundle E t is semistable of 
slope niE*) = Hk,x( E ) ~ Xt/Kt- 

Proof. Let to £ T(E) and consider the T-split vector bundle F = (T 4 , t £T) with F to := E to and T 4 := 0 
for t ^ to¬ 
il) If |T(T)| > 1, then F is both a proper subbundle and a proper quotient of E, so E cannot be 
(k, x)-stable. 

(ii) If E is (k, x)-semistable, we find £%, X (-E’) = /%, X (-F) = p,{E to ) + ^. □ 

— — — *0 

Let us abbreviate 

m(K, x) := min {xt/«t 1 1 £ T} , M(k, x) := max {xt/1 1 £ T} . 

For a T-split vector bundle E we define 

h ix( E ) : = E MW + X* i'k(T 4 )) 

teT 

and h° K {E) := h^. 0 {E). Furthermore, we set [x]+ := max{x, 0}. As a generalization of the Le Potier- 
Simpson estimate ([11], Lemma 7.1.2) we find: 

Proposition 1.16. Let E be a T-split vector bundle. 

(i) If E is semistable, we have 

hl(E) < rk zfE) Hk,x( E ) ~ TO («,x) + 1 + • 

(ii) An arbitrary T-split vector bundle E of K-rank r satisfies 

hl(E) < (r - 1) [/z max (£) - m(K,x) + l] + + [hmin(E) - to(k,x) + l] + • 

Proof, (i) By Lemma 1.15, (ii), and the Le Potier-Simpson estimate for semistable vector bundles we 
find ft°(T 4 ) < rk(£’ t )[/i(E' t ) + 1] + for every t £ T. Then, the the explicit formula for the slope of E 4 the 
result. 

(ii) Let E, be the Harder-Narasimhan filtration of E. From part (i) we get 

n 

hl{E)<Y, h l(Ei/Et-{) 

2=1 

n 

< E AiJ^Ei/Ei-i) pK,x( E i/ E i- 1) - m(«, x) + 1 
2 = 1 + 

Since fj, &tX {Ei/Ei- 1) < n max (E), i = 1,..., n — 1, and rk«(T/T„_i) > 1, the claim follows. □ 

2. Moduli of Decorated Tuples of Vector Bundles 

In this section we define (semi-)stable decorated tumps. The main results are the existence of their 
moduli space and the equivalence of asymptotic stability with stability for a large enough parameter. 
Since the constructions and proofs are similar to those for the case of decorated swamps in [2, 4], we will 
only give an outline of this construction. 
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2.1. Stable Decorated Tumps. Let r be a tuple of positive integers and p : GL(r, C) —>• GL(V) a 
representation. A T-split vector bundle E of rank vector r corresponds to GL(r, C)-bundle P. We denote 
by E p the associated vector bundle P x p V. 

Definition 2 .1. Let p : GL(r, C) —> GL(Vi) and cr : GL(r, C) —> GL(V 2 ) be two homogeneous represen¬ 
tations. A a-decorated p-tump of type (d,l) is a tuple (E,L,ip,s), where E is a split vector bundle with 
rk (E*) = rt and deg (E*) = dt, t G T, L is a line bundle of degree l on X, ip : E p —> L is a non-trivial 
homomorphism and s G E ^, xo > is a point. 

Two a-decorated p-tumps (E, L,ip, s) and (E 1 , L', ip', s') are isomorphic if there are isomorphisms 
/ : E —> E ', h : L —> L' and a number c € C*, such that <p' o f p = h op and s' o f a \i Xo \ = cs. Here, 
fp.Ep —> E' and /<j : —>■ E' a are the isomorphisms induced by /. 

In the following we will fix two homogeneous representations p and cr as well as a degree vector d and 
a number l, and refer to cr-decorated p-tumps of type (d, I ) simply as decorated tumps. 

A weighted flag (E,,a) of a T-split vector bundle E induces weighted flags (E p ^,a) and (E a ^,a cr ) 
of E p and E a respectively (see Definition 2.8 in [2]). Restricting these to the generic point rj £ X and to 
Xq we obtain flags E. := E p and F, := E a ,a Xo y respectively. We set 

Mi (E.,a,p) := n(E. tP ,a p , [<p]), p 2 (E.,a,s) := p(T., CT ,[s]), 

where [<p] G P (E p \ v ) and [s] G P(E a \{ Xo y) denote the points induced by <p and cr, respectively. 

Definition 2.2. We call a cr-decorated p-tump (5\,6 2 , K,x)-(semi-)stable if the condition 

Mk,x(E,, a) + 6 ipi(E.,a, <p) + 6 2 p 2 (E,,a, s)(>)0 
holds for every weighted flag ( E,,a ) of E. 


Remark 2.3. (i) The stability condition remains unchanged if one substitutes k, %, and 6 2 by 

k' := ck , := C X) '■= ° 2 bi and 8' 2 := c 2 5 2 for some c G Q>o- We may thus assume that k is integral. 

(ii) Furthermore, M K X is unchanged under the replacement X H > X + C A for c G Q. One can choose, 
e.g., rk x (£ l ) = 0 or deg Ka (E) = 0. We will not use this in the following. 


Remark 2.4. Let W = (C rt ,t G T). Since p and cr are homogeneous, there are numbers a m , b m , c m G Z>o, 
such that V m is a direct summand of W a ~ bm c , m = 1, 2. Thus, there are surjections pi: E a ~ b c E p 
and p 2 : C2 “^ E a - For a flag E . of E, m = 1, 2 and a tuple i G I rn l} am we set 


E := (E®~ <g> • • • <g> E®~ )® bm 

V ^1 ^ a m ' 



c E®~, 


with r := rk^T 1 ). Then, one finds 




j 1 (a) 

) 

( 1 ) 

Mi (E,,a, <p) = - min l 

otj(ai rk«(£,•) - rvj(i)) 

j= 1 

(v 3 0 Pl)\E®i ± 0,1 G h / 



j 1 («) 

) 

\ 

( 2 ) 

p 2 (E, , a, s) = — min < 

Y «j ( a 2 rK(Ej) - rvj(Q) 

U=i 

(sop 2 ) IE m ± 0 ,i G I 2 > 
1 1*0 


with Vj(i) := € i | i < j}. 


2.2. S-Equivalence. Let (E, L, <p, s) be a (<5i, 6 2 , k, x)-semistable decorated tump. The associated graded 
bundle of a flag T. of E is the T-split vector bundle 

i(£.) fKE.) 

Egr '■= (J) Ei/Ei -1 = j E\lE\_ x ,t G T 
»= 1 \ 2 = 1 

The flag E m also induces flags E Pt . of E p and E a ^ of E a . One checks that (E p ) gI = ( E gI ) p and 
(E„) gr = (E gI )cr (see [ 2 ], §3.3). Set i 0 := min {i = 1 ,..., l(E p> .) \ F\ EpA ^ 0} and j 0 := min {j = 
1,..., 1 (E a ^) | s .| { ^ 0}. Then, the restrictions <p| e p iQ and s\E a jQ define non-trivial homomorpliisms 

<Mo • Epp 0 /Ep i 0 _i ^ L sq • E a j 0 1E a ,j 0 —i t G . 
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Let ip gI : E Ptgr —> L and s gr : E c rigr —> C denote the composition of these homomorphisms with the 
natural projections. We call 

df(E.,a) {E, L, ip, s ) := {E gr , L, ip gI , s gI ) 
the admissible deformation of (E,L,ip,s) along the flag (E,,a). 

Definition 2.5. We call a weighted flag ( E,,a ) of E critical with respect to (E,L,ip,s) if 

+ 8iVi{E.,a,<p) + 5 2 p 2 (E,,a,s) = 0. 

Definition 2.6. We define S-equivalence as the equivalence relation generated by isomorphisms and 

(E,L,ip, s) df ( E .,a)(E,L,ip, s). 

for all critical weighted flags ( E ., a) of E. 

2.3. Families of Decorated Tumps. Let Jac ( denote the Jacobian of line bundles of degree l on X 
and fix a Poincare bundle C on Jac z xl. 

Definition 2.7. A family of decorated tumps parametrized by a scheme S is tuple 

E = ( Es, ks, N ltS , N 2 ,s, Vs, ss) 

where 

• E$ is a T-split vector bundle on S x X with rank vector r_(Es) = L, such that for every point 
y £ S, the T-split vector bundle Es\t y \ x x has degree vector d, 

• ks : S —y Jac^ is a morphism, 

• A r i,S; X- 2 .S are two line bundles on X, 

• ips '■ Es, P —> prlj -/V^g ® (ks x idA')*£ is a homomorphism such that for each point y £ S the 
restriction Vs\{y}xx is non-trivial, 

• and s : Es j(T —> N 2 ,s is a surjective homomorphism. 

Two families T and T' parametrized by S are isomorphic if 

• there are a line bundle Ls on S and an isomorphism / : Es —X E' s <g> prlj Ls, 

• ks = k' s holds, 

• there is an isomorphism hi : Ni t s —> N[ s <g> T® deg ^ p i such that 

{v's ® id prj l s ) °f P = (p4 hi <S> id( KsXi d x )*/:) ° Vs , 

• and there is an isomorphism h 2 : N 2 ,s —> s ® such that 

(sg <S> id L ®deg(o-)) o f a \sx{x 0 } = h 2 o ss ■ 

Definition 2 .8. We call a family of decorated tumps T parametrized by a scheme S (Si,S 2 ,k,x)~ 
(semi-)stable if for every point y £ S the decorated tump E\{ y \ is (di, x) - (semi-)stable. 

These notions determine the moduli functor of (S-equivalence classes of) (di, S 2 ,k, x)-(semi-)stable 
decorated tumps. Recall that in Remark 2.4 we have fixed numbers to = 1,2, such that p 

and a are direct summands of the representation on W®~ b . The main result of this section is the 
following: 

Theorem 2.9. For a 2 S 2 < l, the ( projective ) moduli space of (6\, S 2 , k, x)-(semi-)stable decorated tumps 
exists. 

The construction of this moduli space will be carried out in Sections 2.4 trough 2.7. 

2.4. Decorated Quotient Tumps. The parameter space of decorated tumps is constructed as the fine 
moduli space of another moduli problem. We start with a result on boundedness. 

Lemma 2.10. There is constant C, such that for every (6 i,S 2 ,k, \)-semistable decorated tump (E, L,ip,s) 
of type ( d,l ) we have: 

(i) Every non-trivial T-split subbundle F satisfies Vk, x (F) < p^ x (E) + C. 

(ii) For all t £ T every non-trivial proper subbundle F f C E t satisfies 

< h( E ) + C ~ m (a, X) ■ 
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Proof. Consider the weighted flag (E,,a) := (F C E, (1)). From (1) and (2) we obtain the inequalities 
Hi(E.,a,(p) < ai(r - 1), p 2 (E.,a,s) < a 2 (r - 1). 

The claim now follows from the (<5i, 6 2 , k, x)-semistability with respect to (E t ,a). □ 

The usual arguments show, that there is an no such that for every n > no, every (Si, S 2 , k, y)- 
(semi-)stable decorated tump ( E,L,ip,s ) and every index t £ T the bundle -E 4 (n) is globally gener¬ 
ated and H 1 (E t (n)) vanishes. We choose such an n and fix complex vector spaces Y* of dimension 
p t (n) := d t + r t (n + 1 - g), t £ T. 

Definition 2.11. A family of decorated quotient tumps parametrized by a scheme S' is a tuple 

(qs, ns, Ni iS , N 2 ,s, ps, ss) 

where qs '■ Y ® pr * x Ox(—n) — > Es is a quotient of T-split vector bundles on S x X, such that 
(Es, ns, N\'S, N 2 ,s, Ps, ss) is a family of decorated tumps parametrized by S and 

pr s*(qs ® idprj. Ox(n)) ■ Y ® Os -A Ws*( E s ® Pi* Ox(n)) 

is an isomorphism. 

There is a natural notion of isomorphisms similar to Defintion 2.7. This determines the moduli functor 
of decorated quotinet tumps. 

Proposition 2.12. The fine moduli space QTmp„ of decorated quotient tumps of type ( d,l ) exists. 

Proof. For t £ T let QuotJ, be the Quot scheme parameterizing quotients of rank r t and degree dt of 
Y t <S>Ox(—n) on X, and let q* : Wcgipi'y Ox(—n) -A Qf be the universal quotient on Quot^ xX. Further, 
Let Quot^’ 0 be the open subscheme, such that for every point p £ Quot^’ 0 the sheaf Q* is locally free and 
H°(qp(n)) is an isomorphism. On Quot„ := IlteT Q uot n° we have the quotient 

q : y ® P r .Y Ox(-n) -A- Q := (prQ uot t.o Q\ t £ T) 

of T-split vector bundles. The construction of QTmp„ now proceeds as in the proof of Proposition 4.3 
in [2] with vector bundles replaced by T-split vector bundles. □ 

2.5. The Gieseker Space. We construct an equivariant injective morphism from the paramter space 
into a projective space: For t £ T let Jac dt be the Jacobian of line bundles of degree d t on X and let V* 
be a Poincare bundle on Jac dt xl. For large enough n the sheaf 

:= H om ^/\ Y* <g) G Jac d t , pr Jac d t * (V* <g> pr\- O x ( r t n )) 

is locally free and we set Gies 0 := P(£/° V ). Without loss of generality we may assume G G ies°(l) to be 
very ample. We define Gies 0 := ]~[teT Gi es t ■ 

On J := Jac- x Jac z with Jac- := ]~[ ;gT Jac dt we consider the sheaf 

G 1 :=Uovn(Y®- bl ®Oj,pvj, (pr* ac , xX V®- 1 ® Prj ac ‘ xv C ® P r v O x (na i))) 

with 

:= (g)(pr Jac < t xid x )*V tmt . 

teT 

For n sufficiently large this is a vector bundle and we set Gies 1 := P(C/ lV ). Again, we may assume 
0 G ies 1 (l) to be very ample. Finally, we set Gies 2 := P and define the Gieseker space as 

Gies„ := Gies 0 x Jac d Gies 1 x Gies 2 . 

Note that Gies„ is projective over Jac^ x Jac z and has a natural action of GLt(T). The universal family 
on QTmp n determines an injective, GL-r(y)-invariant morphism 

gies„ : QTmp n -A Gies„ 



over Jac- x Jac z . 
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Remark 2.13. Let L dt be a line bundle of degree dt, t € T, and L a line bundle of degree l on X. The 
fiber of Gies n over the point in Jac- x Jac z determined by these line bundles is isomorphic to 


Giesx P [Horn 0 Lfen)))'] x P(Y®f 


teT 

-dt 


,& 2 ' ' 


with L- := ® teT L dt and 

Gies°(L dt ) :=P ^Hom ,H°{L dt (nr t ))^j j . 

Let A be a one-parameter subgroup of SL^(F) with associated weighted flag (Y.,a). For a point [ M t ] £ 
Gies t{L dt ) one finds 

!(>.) + ! 

= - Y 7fc ( rk (-ffe) - rk (-Pfe-i)) 


(3) 


where p(n) 

:= dim*(Y) 


[Ti] €: 

we get 


(4) 

M(A, [Ti]) 

(5) 

m(A, [t 2 ]) 


k=1 


1 (Y.) 

= Y a o (p( n ) rk ( F i) - rk ( £;t ) dim «( y j)). 

i=i 

f io F Vi /A cnKVmn^l a rrarmroforl Kir Fttty 


^Hom ^ 


-y'&H rrO ( j d<g>c± 

I a u b 1 ,rt 


NeP (YZ%), 


r Kv.) 

1 

Y «i(ai dim„(Y^ - p(n)vj(i)) 

1 3 —1 

ie h : Ti\y®l 7 ^ 0 / 

V J 

r i(v.) 

) 

) 

^ ai(a 2 d im K (Y j )-p(n)^(i)) 

i £ h : T2|y®i ^ 0 / 

l l=i 

J 


With /]. I 2 and Y® 1 defined similarly as in Remark 2.4. In particular, we have the estimate 

1 W.) i(v.) 

(6) -a 2 Y a l dim^Yj) < p{ A, [T 2 ]) <a 2 Y a j(P( n ) _ dim* (3^-)). 


i=i 


l=i 


2.6. Comparison of Stability Conditions. We compare (Si , d 2 , k, x)-stability of a decorated tump 
with GIT-stability of a corresponding point in the parameter space. As an intermediate step, we introduce 
another notion of stability: For a vector bundle E and a weighted flag ( E ,, a) we define 

1 ( E.) 

Ml K (E.,a,n) := ]T aj (/&*(£(«)) vK(Ej) - /&*(£,•(«)) rk*(i5)) . 

1=1 

Definition 2.14. We call a decorated tump (E,L,tp,s) (8\,8 2 ,K,x,n)-section-(semi-)stable if the condi¬ 
tion 

M% tX (E ,, a, n) + SiHi(E.,a,ip) + 8 2 /j, 2 (E., a, s)(>)0 
holds for every weighted flag (E,,a) of E. 


Proposition 2.15. There is an n i such that for all n>n\ the following holds: 

(i) The notion of (Si,S 2 ,k, %, n)-section-(semi-) stability and (<5i, S 2 , k, x)-{semi-)stability are equiva¬ 
lent. 

(ii) If (E,L,ip,s) is a (Si, S 2 , k, x)~semistable decorated tump, a weighted flag ( E,,a ) of E satisfies 

(7) M^ x (E.,a,n) + Sipi(E.,a, p) + S 2 p 2 (E,,a,s) = 0 

if and only if it is critical. 
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Proof, (i) As in the proof of [2], Lemma 5.2, one can show that for n large enough, any ( 8 \, 6 2 , K,x,n)~ 
section-(semi-)stable decorated tump ( E,L,ip,s ) satisfies = 0 for all t € T. Together with the 

Riemann-Roch theorem this implies M^ x (E a ,a, n) < M^ x (E,,a). Thus, (E, L,tp,s) is also ( 61 , 62 ,!$., x)~ 
(semi-)stable. 

We now show the converse: The proof of [2], Lemma 5.4, with the Le Potier-Simpson estimate replaced 
by Proposition 1.16 shows that if n is sufficiently large, for every (<5i , 62 ,!$, x)-(semi-)stable decorated tump 
(E, L , (p, s ) every T-split subbundle F C E satisfies 

( 8 ) h^ x (E(n)) rk«(F) - h°^ x (F(ri)) rk \JfE) - rk«(F)(ai<Si + a 2 6 2 ) > 0 

or /i 1 (F i ) = 0 for all t G T. Given a weighted flag (E,,a) we decompose the set of indices I := 
{1,..., 1(F.)} into the two sets I B := {i £ I | Vf € T : h 1 (E t i (n)) = 0} and I A := I \I B . Denote the 
corresponding weighted flags by (E^ B ,a A ^ B ). If I A 7 ^ 0 , the estimate from Lemma 1.5.1.41, ii), in [15] 
gives 

M Lx ( E •> a, n) + 61(11 (E ,, a, tp) + 8 2 p 2 (E ,, a, s) 

> M^ x (E B ,a B ,n) + 6 n i l (E B ,a B , <p) + 8 2 p 2 (E B ,a B ,s) 

+ M^ x (E A ,a A , n) - ^ af rk tL (E A )( 6 1 a 1 + 6 2 a 2 ). 

The last term is positive by the definition of I A and ( 8 ). Due to the definition of I B and the theorem 
of Riemann-Roch we have M* (E B ,a B ,n) = M^ X (E B , a B ). Thus, ( E,L,p,s) is also ( 61 , 6 2 , K,x,n)~ 
section-(semi-)stable. 

(ii) Let ( E,L,<p,s ) be a (<5i, 6 2 , k, x)-(semi-)stable decorated tump. The first paragraph of part (i) 
shows that a critical weighted flag (E,,a) of E satisfies (7). Let (E,,a) now be a weighted flag such that 
(7) holds. The arguments from the second paragraph of (ii) show I A = 0 , i.e. (E.,a) = (E B ,a B ). It 
follows that ( E,,a ) is critical. □ 

We linearize the action of SLy (T) on Gies n in the line bundle 

OGies(r]t,t € T,0 i,9 2 ) := I (^)P r Gi es ? ^Giesjfat) ) ® ^Gies 1 ^) ^^Gies 2 !^) 

\*€T J 


with 

, Vt ■= z ( Kt(p(n ) + (r,x) - ai 6 i - a 2 6 2 ) - rxt) , t€T, 

6 \ := zr 8 \, 6*2 := zr 8 2 . 

Here, z is a natural number such that rj t , t G T, 9\ and 9 2 are positive integers. 

Remark 2.16. Note that our linearization is not modified by a character of SL^(F) (compare [15], §2.5.4). 
Let p be a point in QTmp n and denote by (E, L, <p, s ) the corresponding decorated Tump. 

Proposition 2.17. Assume a 2 8 2 < 1. Then for n>n\ we have: 

(i) The point gies n (p) is GIT (semi-)stable with respect to the linearization given in (9) if and only 
if (E,L,tp,s) is ( 81 , 6 2 , k,x) -(semi-)stable. 

(ii) If gies n (p) is GIT semistable, there is a bijection T p from the set of critical weighted flags (E,,a) 
to the set of critical one-parameter subgroups A o/SL^(F). 


Proof, (i) Given a weighted filtration (E, , a) of E, we construct a weighted flag of Y: Let Y, be the 
flag induced by E/j := H 0 (qp(n))~ 1 H 0 (E*(n)), 1 < j < 1 (E,) + 1, t € T. For 1 < h < 1(Y.) + 1 set 
J(h) := {j | Uj = Y h } and /3 h := Jfjej(h) a P We define T p (E.,a) := (Y.,0). 

As in [2], Proposition 5.8, one shows that a one-paranreter subgroup A of SLf;(F) with associated 
weighted flag (Y,,(3) = T p (E,,a) satisfies 


MA,gies n (p)) 


(E,,a,n) + 8 ifii(E,,a, ip) + 8 2 p 2 (E.,a,s). 


Note that equality can only hold if 1(F.) = 1(Y.) and Ej(n) is generically generated by Yj, 1 < j < 1 (E,). 
Details of this calculation can also be found in Proposition 6.41 in [3]. 
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Let now (Y.,/3) be a weighted flag of the T-split vector space Y. Let Fffn) C E f (n) be the subsheaf 
generated by Yf, 1 < h < 1(Y»), t £ T, and let E, be the flag induced by the T-split subbundles of 
E generically generated by those T-split sheaves Fh with hAfF^fn)) = 0 for all t £ T. Let H(j) := 
{h | Fh generically generates Ej}, 1 < j < 1 (E m ) + 1, and aij := J2heH(j) Ph, 1 < j < 1 (E,). We define 
Q P (Y.,£) :=(£.,a). 

Suppose n > n\ and let (E, L , <p, s ) be a (<5i, 82 , k, X, n)-section-(semi-)stable decorated tump. Further¬ 
more, let A be a one-parameter subgroup with associated weighted flag (Y,, f3). The proof of Proposition 
5.9 in [2] shows 

(11) m(A, gies (t)) > 82 P 2 (E.,a,s). 

zp(n) 

for the weighted flag (E m ,a) := Q p (Y.,l3). If equality holds, one has 1 (E m ) = 1 (Y.) and 

Y* = H°(qp^n))- 1 H°(Ej(n)) , for all t £ T, 1 < j < 1 (E.). 

In particular, one has Y p (Q p (Y,, /3)) = (Y.,/3) in this case. Again, details can be found in [3], Proposition 
6.42. 

Together with Proposition 2.15, (i), the inequalities (10) and (11) prove part (i). 

(ii) If A is a critical one-parameter subgroup for p, then by Proposition 2.15, (ii), and (11) the weighted 
flag Q P (Y,,I3) is also critical. Thus, one finds T p {Q p {Y,,P ) = (Y.,/3). Conversely, if ( E,,a ) is a critical 
flag, then Proposition 2.15, (ii), and (10) show that any one-parameter subgroup A with associated 
weighted flag (Y.,/3) := T p (E.,a) is critical. In particular, Ej{n) is generated by Yj. Finally, (11) shows 
that Qp(Y p (E,,a) is also critical and we have Q P (T p (E.,a) = ( E,,a ). □ 

2.7. Proof of Theorem 2.9. The results of the previous sections show that the open subscheme 

QTmp^ s)s := gies^Gies^ 8 ) 

parametrizes (<5i, 82 , k, decorated tumps. It is easy to see that the family (E, R, Ni, IV 2 , (p, s) 

on QTmp ^ 8 satisfies the local universal property and is compatible with the group action in the sense 
of [2], §2.2. The following proposition shows that our notion of S-equivalence is correct. 

Proposition 2.18. Let X be a one-parameter subgroup of SL^(Y) with associated weighted flag (Y,,/3) 
and Poo := lim^oo X(t) ■p the limit point of p. Then, the admissible deformation of (E, L, ip, s) along 
(Et, a) := Q p (Y t ,j3) is isomorphic to the decorated tump defined by Poo- 

Proof. We construct a certain family of decorated quotient tumps (qs, ns , Ni ,s, A^s, <£s, ss) parametrized 
by S := A 1 as in [2], Proposition 6.4. The universal property of QTmp n gives a morphism / : C —> 
QTmp„, which satisfies Aft) ■ p = /(t _1 ) for t £ C*. Finally, one checks that the decorated tump over 
t = 0 is isomorphic to df (E.,ct){E, L, <p,s). □ 

It remains to show the existence of the good quotient. 

Proposition 2.19. Suppose 0282 < 1. Then, there is an 712 , such that for n > 712 the restriction of the 
Gieseker morphism to the semistable locus 

gi es r!|QTmp^ s : QTnrp 8S —> Gies ss 

is proper. 


Proof. We check the valuation criterion: Let R be a discrete valuation ring and K its quotient field. We 
consider a commutative diagram 


Spec(AT) — f —> QTmp^ s 


P 


gies n 


Spec (R) h > Gies^ s . 


The morphism / corresponds to a family of decorated quotients tumps on Spec(A'). Since Quot n is 
projective the family of T-split quotient sheaves extends to a quotient qn : Y ( g> pr^- Ox(—n ) —> Pr on 
Spec(T) x X. Because Tr may have torsion, we compose the morphism with F —> Pr := Tr V - As a 
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reflexive sheaf on the regular surface Spec(i?) x X the sheaf Er is locally free. Repeating the construction 
from Proposition 2.12 over Spec(i?) instead of Quot„, we obtain a tuple 

(Qr, kr, Ni tR , N 2 ,r, (fiR, Sr) 
over Spec(i?) x X inducing the morphism h. 

It remains to show that this is a family of decorated quotient tumps. Let (q : Y®Ox(—n) —> E, L, p, s) 
be the restriction to the special fiber. Semistability in Gies„ implies dhn^(ker(H 0 (q(n)))) < a 2 5 2 ■ The 
assumption a 2 S 2 < 1 thus ensures that H°(q(n)) is injective. Let now Q be a T-split quotient of E 
of minimal slope and U := ker(T —> H°(Q(n))). GIT-semistability with respect to the weighted flag 
(U C Y, (1)) and the Le Potier-Simpson estimate from Proposition 1.16, (i), yield a lower bound for 
= Minin( E). Hence, there is an n 2 such that for n > n 2 the bundle _E*(n) is globally generated and 
H 1 (E t (n)) vanishes, 1 6 T. For dimensional reasons, H°(q(n)) is an isomorphism and q is surjective. □ 


Proof of Theorem 2.9. The restriction of gies„ to the semistable locus is proper and injective, hence 
quasi-finite. According to [8], 8.11.1, it is also finite, in particular affine. Therefore, by [14], 5.1 Lemma, 
the projective good quotient QTmp^ s // SLj,(Y) and the geometric quotient QTmp^ / SL^(T) exist. Now 
QTmp^ s has the local universal property for (semi-)stable decorated tumps, the action of GL-r(T) is 
compatible and the notions of S-equivalence agree. The general theory of moduli spaces and GIT implies 
that these quotients are the desired moduli spaces. □ 

2.8. Asymptotic Stability. In the following, we transfer the results on asymptotic stability of decorated 
swamps from §4 in [4] to the setting of decorated tumps. 

Definition 2.20. We call a decorated tump (E,L,tp,s) asymptotically (S 2 , K,x)~{semi~)stable if for any 
weighted flag (E.,a) there exists a number Ci € Q>o such that for all di > Ci we have 


Mk,x(E»,Ql) + S 1 p 1 (E.,a,p) + S 2 p 2 (E„a, s)(>)0. 


Remark 2.21. A decorated tump (E,L,<p,s) is asymptotically (S 2 ,k, x)-(semi-)stable if and only if every 
weighted flag (E, ,a) of E satisfies 

(i) fii(E.,a,ip) > 0 and 

(ii) ni{E.,a,ip) = 0 => M^{E„oi) + 8 2 p 2 {E., a, s)(>)0. 

Proposition 2.22. For fixed 8 2 , k and x there exists a constant Ai, such that for all 8\ > Ai a 
(<5i, S 2 , k, x)~{semi~)stable decorated tump is also asymptotically {8 2 ,k, x)-{semi-)stable. 

Proof. Let ( E,L,ip,s) be a (cq, S 2 , k, x)-(semi-)stable decorated tump. Condition (ii) of Remark 2.21 
obviously holds. Assume that condition (i) is not satisfied. Let ry be the generic point of X, K the 
function field of X and set E := E\ v and E p := E p ^. By assumption the point [p v ] € P(E p ) is unstable 
with respect to the action of SL^(E), and we let A be an instability one-parameter subgroup (see [13], Def. 
1.6). This one-parameter subgroup determines a weighted flag ( E.,a) of E with po '■= Hi{E»,a,ip) = 

M A > Wv ]) ^ ^ 1 - 

Let IT. be a T-split flag of IT = (C rt ,t £ T) of the same type as E. and choose an open subset U 
of X and a trivialization E\jj = IT x U with Ejm — Wj x U for all 1 < j < 1 (E,). This induces an 
isomorphism SLf;(E) = SL^(IT) x Spec(AT) such that there exists a one-parameter subgroup A of SL^(IT) 
with A = A x id Spec(K) 

Let D be the torus of diagonal matrices in GL(IT®-). The identification X*{D) = © teT Z Ktr * and 
the standard pairing induce a pairing on X*(D). This defines a norm || ■ j| K on the set of one-parameter 
subgroups of SL^(IT) (see [15], §1.7.2). As in [4], Proposition 4.3, one finds 


ho 


M n,o(E.,a) < 


2 
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Since there are only finitely many conjugacy classes of possible instability one-parameter subgroups, we 
can find constants C, C' and C x such that 

i (E.) 

c > \\X\\l, C>J2 <*j (rk JiE) - rk:«(£,)) , 
i=i 

i (E.) 

C x>Yl a i ( rk x( £ ) rk «( B i) - rk x( E ) Tk tL( E jj) ■ 

j=i 

The ( 61 , 62 , k, x)-semistability implies 

Cl + C x — ( 5 i + CI262C P (^* 1 A) “b 61 fll (E , a, <fi) + 52fl2(E 9 , o, s) > 0 
Thus, we get a contradiction for <5i > Ai := Cl + C x + CI 262 C'. □ 


Proposition 2.23. There is a constant C such that every asymptotically ( 62 , n, x)~semistable decorated 
tump ( E,L,ip,s ) of type ( d,l) and every non-trivial T-split subbundle F C E satisfies 

h!±,x(F) < ha,x(E) S" C • 


Proof. Let (E, L,ip,s) be an asymptotically (£ 2 , k, x)-semistable decorated tump. Denote by rj the generic 
point if X and let E* := Et £ T, and E p := E p \ v be the restrictions. For t € T and 1 < r' < rk (E*) 
we consider the space 


Pt 



x^P(Ep). 


By Proposition 2.9 in [4] there is an n 0 (t,r') such that for n > no(t,r') a point (x, y) € P t y which 
is unstable with respect to the linearization in Op t r , (l,n), but where y is semistable, every instability 
one-parameter subgroup A of ( x,y ) satisfies fi(\,y) = 0. We choose 


n := max{n 0 (t, r') \ t € T, 1 < r f < rk(£' t )} . 


Let now t G T be an index and F a subbundle of E*. Together with p this defines a morphism 

f rk(E*)—rk(E) \ 

/ : X -)■ P | f\ e\x x F(E p ). 


If / is generically semistable, the line bundle 

rO p ^ HE ^ E)xxr{Ep) ( l,n) = det( E t/F)®L(-D)®” 

with some effective divisor D on X has non-negative degree, so that deg(F) < deg(-E 4 ) + nl. If / is 
generically unstable, there is a one-parameter subgroup A of SL(E) inducing a weighted flag ( E,,a ) of E 
with 

deg(-E 4 ) - deg(F) + nl + m 0 M^o(E.,a) > 0 . 

Due to our choice of n we have fii(E,,a,<p) = 0, so asymptotic ( 62 , n, x)-stability implies 

Mk,x(E »,«) + 62 P 2 ( E ., a, s) > 0 . 

Since there are only finitely many conjugacy classes of possible instability one-parameter subgroups, we 
can find constants C x and C' as in the proof of Proposition 2.22. Then, in any case we have 

deg(F) < deg(F*) + nl - m 0 (C + a 2 C"c) 2 ) • 


The claim is an easy consequence of this. 


□ 


Theorem 2.24. There is constant A such that for all 61 > A a decorated tump of type ( d,l ) is 
( 61 , 62 , n, x)-(semi-)stable if and only if it is asymptotically ( 62 , n, x)-(semi-)stable. 
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Proof. There is a finite set U of tuples ( r t ,t £ T,a) with l £ N, r t £ N l , t £ T, and QL G Q>o> such 
that (<5i, 62 , ft, x)-(semi-)stability of a decorated tump has to be checked for weighted flags (E.,a) with 
{rf{E,),t £T,a) £ U. We define 

( ha) 

C" '.= max £ a i K tn,j (r t ,t £T,a) £U 
ter 

Let C be the constant from Proposition 2.23. We set 

( Ha) 

Mo := max < C ajr K t' r 't.j (r t , t £ T, a) £ U 

{ i=l i£T 

Finally let m be an integer such that mra is integral for all (r t ,t £ T,a) £ U. 

Now suppose <5i > m(M 0 + 02620 "), let ( E,L,ip,s ) be an asymptotically ( 62 , ft, x)-(semi-)stable 
decorated tump and ( E,,a) a weighted flag whose type lies in U. If gi(E m ,a,<p) = 0 holds, then 
(di, 62 , 1 ^, x)-(semi-)stability with respect to {E.,a) follows from Remark 2.21, (ii). Otherwise, we have 
fii(E,, a, ip) >l/m and hence 

£ 

M^ x (E.,a) + 5im(E.,a, ip) + S 2 lJ. 2 (E,,a, s) > — M 0 + ~ ~ 0262 C" > 0 . 

Together with Proposition 2.22 this proves the claim for di > max{Ai, —m(Mo + 02620 ")}. □ 

3. Moduli of Decorated Principal Bundles 

This section contains the construction of the moduli space of decorated principal bundles. The idea 
is to describe stable decorated principal bundles as asymptotically stable decorated tumps and then use 
the results from Section 2. 




3.1. Stable Decorated Principal Bundles. Let X be a smooth projective curve over the complex 
numbers, Xq a point in X, G an affine reductive group and er : G — » GL(P) a representation. 

Definition 3.1. A a-decorated principal G-bundle is a pair (P,s), where P is a principal G-bundle on 
X and s is a point in the fiber over xo of the associated projective bundle P {Pa). 

An isomorphism / : ( P,s) —> ( P',s') of decorated principal bundles is an isomorphism / : P —> P' 
with fcr(s') = s, where f„ is the induced isomorphism P(P^)| Xo —> P(P CT )| Xo . 

Since G is affine, there is faithful representation G —> GL(W'). We obtain an embedding G —> SL(VF) 
with 

/dim {W’) 

IT := W ® I f\ IT' 



Since G is also reductive, its radical 1Z{G) is a torus (see [5, §11.21]). We thus find a decomposition 
IT = © fgT IT 4 and characters Xt, t £ T, such that g-w = Xt(g)' w for all w £ IT 4 and g £ P(G). Because 
the radical is contained in the center, the spaces IT 4 are G-invariant. We get an embedding 

K : G ->• 0 GL(IT 4 ) n SL(IT) =: SL t (IT) ■ 

ter 

Via K the datum of a principal G-bundle P is equivalent to the datum of a T-split vector bundle E with 
rk(P 4 ) = dim(ir 4 ), t £ T and © tgT det(P 4 ) = Ox together with a reduction of the structure group 
t : X —> Isot(IT, E)/G with 

Isot(IT, E) := © Iso(IT 4 ^>O x ,E t ). 

teT 

We call d = (deg(P 4 ), t £ T) the type of P. 

Recall that the associated parabolic subgroup of a one-parameter subgroup A : C* —» G is 
Qg{ A) := {g £ G \ lim A( 2 :)tiA _1 ( 2 ;) exists in G} . 

Z—> OO 

Definition 3.2. A weighted reduction of a principal bundle P is a pair (A, /3), where A is a one-parameter 
subgroup of G and /? : X —> P/Qg(X) is a reduction of the structure group. 
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Let (P, s) be a decorated principal bundle and (A,/3) a weighted reduction. Fix a torus T C G such 
that A G X*(T). The embedding n induces a pairing on X*(T) and X*(T). There is a unique character 
Xa G X*(T) such that (x\, A') = (A, A') for all A' G X*(T). This character extends to a character on 
Q SL T (r)( K *A), which we also denote by xa- One can check, that xa is independent of the choice of the 
torus T. 

The section j3 determines a trivialization / : ¥(P a )\ Xo —>• P(P) up to an element g G Qg{ A). We define 

M(A,/8,s) := n a (X,f(s)). 

Definition 3.3. Let <5 G Q>o and x G X*(SL 7 ’(W)). We call a cr-decorated principal bundle (P, s) 
( 6 , x)~{semi~) stable if every weighted reduction (A,/3) of P satisfies 

deg (/3*P C) + (5/u(A, /3, s) + ( X , k*A)(>)0 . 

3.2. S-Equivalence of Decorated Principal Bundles. Let (P, s) be a (5, x)-semistable decorated 
principal bundle and (A,/3) a weighted reduction. We denote by 7 r : Qg{ A) —> Lq{ A) the projection to 
the Levi factor and by i : Lq{ A) —» G the inclusion. Set P' := i* 7 r*/ 3 *P. The reduction A —» P/Qg(A) —>• 
cr*P/(5GL(y)( cr *A) determines a flag P. of P CT , and we have 

^ = 0 ^+i/^ • 

i=o 

Set jo := nrinjl < j < 1(P.) | s\ Fj ^ o ± 0}, so that s induces a point s' G ¥(F jo /F jo ^ 1 ) {xo y C P (P^) {xo} . 
We call 

df (A ,/3)(P,a) := (P',s') 

the admissible deformation of (P, s) along (A ,/3). 

Definition 3.4. We call a weighted reduction (A,/3) critical if the condition 

deg (/3*P xl C) + 6 fi( A, s) + (x, k*A) = 0 

holds. 

Definition 3.5. We define S-equivalence as the equivalence relation generated by isomorphisms and 

(P,s) df ( A l /j)(P, s) 

for all critical weighted reductions (A,/?) of P. 

3.3. Parametrized Families of Decorated Principal Bundles. 

Definition 3.6. A family of decorated principal bundles of type d parametrized by a scheme S' is a triple 
F = ( Ps,Ns , ss), where Ps is a principal bundle on SxX, such that for every s G S the bundle Ps|{ s }xx 
is of type d. Ns is a line bundle on S and ss '■ Pa\Sx{x 0 } ~t is a surjective homomorphism. 

Two parametrized families T and T' are isomorphic if there are isomorphisms / : Ps —> Pg and 
h: N s ^ N' s such that s' s o f a \ S x{x 0 } =hos s . 

If F is family of decorated principal bundles parametrized by S, then F defines an isomorphism class 
of decorated principal bundles F s for every point s G S. We call F ( 6 , x)-(semi-)stable if F s is so for all 
s G S. 

Remark 3.7. By [15], Theorem 1.1.6.1, there is a representation a 1 : G\jt(W) —> GL(P'), such that a is 
a direct summand of a' o k. This induces an inclusion P(P CT ) C P(P a ' 0 K,)- Without loss of generality we 
may thus assume that a is induced by a representation GL'r(TT) —> GL(F), which we also denote by a. 
For technical reasons we have to assume that a is homogeneous. By Proposition 1.5 there are numbers 
a, b, c such that V is a direct summand of W at b >c . 

Theorem 3.8. Let G C GL t(W) be an affine reductive group and a a direct summand of the natural 
representation GL t(W) —> GL (W a ,b,c)- For aS < 1 the ( projective ) moduli space of ( 6 , x) -{semi-)stable 
cr-decorated principal bundles with structure group G exists. 

The remainder of this section is devoted to the construction of this moduli space. 
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3.4. Decorated Pseudo Principal Bundles. Let (P, s) be a decorated principal bundle. A weighted 
reduction (A,/3) of P determines a weighted flag {E m ,a) of the associated T-split vector bundle E, such 
that 

degO 3*P C) = M^o(E.,a) 

with K t := 1, 0 t := 0 for t, £ T. 

A character \ of SLr(W) is given by an element % £ Z T /A where A is the diagonal. If A is a 
one-parameter subgroup of SLt(VF) with associated weighted flag (W,,a), one finds 

_ i (w.) 

(x, A) = E Xt E OLj (dim(M / J ) dim(VF 4 ) — dim(fT) dim(Wj)) . 

ter i=l 

A short calculation shows deg(/3*Px XA C)+(x, A) = M^ x (E,,a). Finally we have /z(A, (3, s) = p 2 (E,,a,s). 
This implies the following lemma. 

Lemma 3.9. A decorated principal bundle (P,s) is (5 , y) -(semi-)stable if and only if the condition 

Mk,x(E,,o) + 6 p, 2 (E,,a, s)(>)0 . 

holds for every weighted flag {E.,a) of the associated T-split vector bundle E that is induced by a weighted 
reduction of P. 


Definition 3.10. A decorated pseudo principal bundle is a triple (E,t,s) consisting of a T-split vector 
bundle E with r(E) = r and trivial determinant, a non-trivial homomorphism 

r : Sym ( 0 E tV <g> W 1 ) -> O x 

V ter ) 

and a point s in F(E a \r Xo y). 

An isomorphism of decorated pseudo principal bundles is an isomorphism / : E —> E' of T-split vector 
bundles such that ro/ = r' and fa-(s') = s, where 


/ 


Sym 



(g> idvpt 


Definition 3.11. A family of decorated pseudo principal bundles parametrized by a scheme S is tuple 
T = ( Eg , Ns, ts, ss), where Es is a T-split vector bundle on S x X of rank vector r, such that for each 
s £ S the T-split bundle Ps|{ s }xa: has degree vector d, Ns is a line bundle on S, 

t s ■■ Sym f® P| V ® -t w*x Ox 

\t£T / 

is a homomorphism whose restriction to any point s € S is non-trivial, and ss : Ts CT |Sx{a;o} —t Ns is a 
surjective homomorphism. 

Two families P and T' are isomorphic if there are isomorphisms / : Es —> E' s and h : Ns — > N' s , such 
that t' s o f = t s and h o s s = s’ s o f a \ Sx {x 0 }- 

A principal bundle Ps on S x X corresponds to a T-split vector bundle Eg and a reduction of the 
structure group (3s ■ S x X —>• Isot(W / , Es)/G. We compose the morphism (3s with the inclusion 

Lsor(W, E s )/G Horn T (W, E s )//G 


The resulting morphism is given by a homomorphism of LA\'-algebras 


ts(Ps) ■ Sym 


G 


0 E tV (8> W f 

teT 


-*0:x. 


Definition 3.12. Let ( Ps,Ns,<fis,ss ) be a family of decorate principal bundles and E the associated 
T-split vector bundle of P. Then we call (Eg, Ns,ts{(3s), ss) the associated family of decorated pseudo 
principal bundles. 
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Lemma 3.13. A decorated pseudo principal bundle ( E , r, s ) definig the section a : X —> HomrfW, E)//G 
is the image of a decorated principal bundle if and only if there is a point x £ X such that a(x) lies in 
Iso t (W,E)/G. 

Proof. See [15], Lemma 2.6.3.1. □ 

3.5. Decorated Pseudo Principal Bundles as Decorated Tumps. Consider the space 

H := 0End(lT t ) 

teT 

with the natural left action of GLt{W) and the natural right action of G. Since these actions commute, 
there is an induced action of GLt(W) on P (H v )//G = Proj(Synr(.ff v ) G ). Lemma 2.6.2.1 in [15] tells us: 

Lemma 3.14. Let h £ H be a point and [ h ] £ P (H v )//G the induced point. 

(i) If h is an isomorphism, then [h] is SLT(W)-polystable. 

(ii) If [h] is SLT(W)-semistable, then h is an isomorphism. 

Let d £ N be a number such that Sym (H W ) G is generated in degree less or equal to d and the graded 
ring 

Sym (<,l) (ff v ) G := 0Sym d!i (U v ) G 

i 

is generated in degree one. Then the vector space homomorphism 

d 

Vi:= 0 0Sym s ‘(Sym i (JL v ) G )^Sym d! (// v ) G 

s£N d *=1 
Y] isi=d\ 

is surjective. Note that the representation p : GL-r(W / ) —» GL(lh) is homogeneous of degree di 
By choice of d the vertical homomorphisms in the commutative diagram 

Sym(Vj)-> Sym (^®f =1 Sym*(Ll v ) G ^ 

Sym (d!) (JJ v ) G -> Sym (H v )° 

are surjective. The horizontal induce isomorphisms of the corresponding (weighted) projective spaces. 

Lemma 3.15. Let [h] be a point in P (H w )//G and v[h] its image in P(Vj). For A £ X*(SLt(1P)) we find 

ju(A, [/i])(>)0 p.(X,v[h])(>) 0. 

Proof. Let [h] be represented by hi : Sym*(U V ) G —> C, i = 1 ,...,d. Then v[h] is determined by the 
linear forms 

d 

h,: 0Sym fl ‘(Syin i (ff v ) G ) 

i— 1 

(u[ 1] .® ® (u[ d) . uW) hi(uf). 

*=11=1 

This implies the claim. □ 

Let ( Es,Ng , ts, ss) be a parametrized family of decorated pseudo principal bundles. We consider the 
bundle 
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The composition of Tg with the surjection 

E S , P -)• Sym d! | 04 v ® W* 

\teT 

defines a non-trivial homomorphism tpg : E$, p —> pr^- Ox- 

Definition 3.16. We call (Es,O x ,Ns,<ps,ss) the family of decorated tumps associated with the family 
{Eg, Ns,ts, ss) of decorated pseudo principal bundles. 

Lemma 3.17. The map taking the isomorphism class of a decorated pseudo principal bundle s)] 

to the isomorphism class of its associated decorated tump [{E,O x ,T , s)] is injective. 


Proof. The proof is the same as that of Proposition 2.6.3.2 in [15]. Let ( E,t,s ) and (E',t',s') be two 
decorated pseudo principal bundles with isomorphic associated decorated tumps. It suffices to consider the 
case E = E ', s = s' and Note that r and t' are determined by the induced homomorphisms 

TjSj :Sym^0£;‘ V ®W^ O x , j = l,...,d. 


For each j there exists lj G N with Ijj = d\. By assumption we have Sym^(rj) = Sym^(rj). Hence, there 
is a Zj-th root of unity Q G C* such that Tj = Cj T j- If remains to show that there is a cZ!-th root of unity 
f with Q = fh 

Let E = E v be the restriction to the generic point. By assumption the points ..., and 
[ r i|? 7 > • • ■) T d[p\ h ave the same image under the Veronese map 


P 



Since this map is well known to be injective, the claim follows. 


□ 


Lemma 3.18. A decorated tump (E, Ox, <p, s) is the image of a decorated principal bundle if and only if 
the condition p.\ (E m ,a,ip) > 0 holds for all weighted flags (E,,a) of E. 

Proof. This follows from Lemmata 3.14 and 3.15 together with Lemma 3.13. □ 

Definition 3.19. We say that a family of decorated pseudo principal bundles is (8 , x)-{semi-)stable if 
its associated family of decorated tumps is asymptotically (<>,/£, x)-(semi-)stable with n t — 1, t G T. 

Two decorated pseudo principal bundles are S-equivalent if their associated isomorphism classes of 
decorated tumps are S-equi^valent. 

3.6. Comparison of Stability Notions. Finally, we need to compare the notion of stability of decorated 
principal bundles with that of decorated pseudo principal bundles. 

Proposition 3.20. Let I\ be a perfect field, G an affine reductive group and H C G a closed reductive 
subgroup over K. For every point \g\ G G/H and every one-parameter subgroup X : K* —>• G, such that 
the limit [g]oo := lim^oo A(c) • [g] exists in G/Fl, there is an element g in the radical of Qg(X) with 

Woo = g' ■ W- 

Proof. Kraft and Kuttler proved this in the case that K is algebraically closed. The statement for 
algebraically closed K is Theorem 3.3 in [1], □ 

Lemma 3.21. Let K be a perfect field over C and A : K* —>• SLt(IF ® K) a one-parameter subgroup. 
For x := [(id w*,t G T )] G P(Ff v 0 K)//G{K) the following are equivalent: 

(i) There is a one-parameter subgroup A' of G(K) and an element g G Qsl t {w®k) (A) with k* A' = 
g~ 1 Xg. 

(ii) p,(\,x) = 0. 

Proof. The implication (i)=>(ii) is obvious because G stabilizes [idw] G H//G. Now suppose p(\,x) = 0 
and let Xoc := lim^oo A(c) • x. Then by Lemma 3.14 there exists g G GL t(W 0 K) such that [ g\ = Xoo. 
By Proposition 3.20 we can choose g in the radical of Qsl t (w®k) (A). Since A leaves invariant, A 
factors through the stabilizer gn(G(K))g~ 1 □ 
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Proposition 3.22. Let ( P , s ) be a decorated principal bundle, ( E, Ox, <p, s) the associated decorated tump 
and (E,,a) a weighted flag. Then the following are equivalent: 

(i) There is a weighted reduction {X, ft) of P inducing (E,,a). 

(ii) m(E.,a,(p) = 0. 

This is Proposition 2.6.3.4 in [15]. Using Proposition 3.20 we can slightly simplify the proof. 

Proof. The implication (i)=>(ii) follows from the corresponding statement in Lemma 3.21. Now suppose 
that p\(E,,a, ip) = 0. Let f :U X be an fppf-morphism and h : f*P -)[/xGa trivialization. Let ry 
be the generic point of U and K its function field. Then, h also induces trivializations f*E = W®Ojj of T- 
split vector bundles and f* Aut(P) = G(K). We consider the T-split A-vector space E := f*E\ v . Choose 
a one-parameter subgroup A : K* —» SLp(E) with associated weighted flag (E,\ v ,g). By assumption we 
have p(A, f*(p(r)) = 0, so that by Lemma 3.21 there is a one-parameter subgroup A' of G{K) inducing the 
same weighted flag. Finally, there are a one-parameter subgroup A : C* —>• G and an element g £ G(K) 
such that A x id Spe c(K) = g • A' • g~ x . 

The flag E . determines a reduction ft' : X —x Isot(IU, -E)/Qgl t (w)(A). Let us consider the trivializa¬ 
tion h! := g ■ h. Then h! o /3! = [idw <8> id*-] lies in G(K)/Qg(k){X) and thus ft extends to a reduction 
/? : X —x P/Qg{ A). □ 

Proposition 3.23 (Semistable Reduction). A decorated pseudo principal bundle is (6, x)-{semi-) stable 
if and only if it comes from a (6, x)-(semi-)stable decorated principal bundle. 

Proof. Suppose (E, r, s) is a (5, y)-(semi-)stable decorated pseudo principal bundle. By part (i) of Remark 
2.21 and Lemma 3.13, (E, r, s) is the image of a decorated principal bundle (P, s). The implication (i)=>(ii) 
in Proposition 3.22, part (ii) of Remark 2.21 and Lemma 3.9 show that (P,s) is (5, x)-(semi-)stable. 

Now suppose (P, s) is a (S, x)-(semi-)stable decorated principal bundle, (E,t,s) the associated dec¬ 
orated pseudo principal bundle and ( E m ,a) a weighted flag of E. Because of Lemma 3.13 we have 
pi(E,,a,(p(r)) > 0. If pi(E,,a,p{r)) = 0 holds, then by Proposition 3.22 there exists a weighted 
reduction (A, ft) of P which induces (E,,a). By Lemma 3.9 we have 

Mk,x(E»,Ql) + Sp 2 (E,,a, s)(>)0 . 

Thus, ( E,t,s) is (S, x)-(semi-)stable. 

□ 

Corollary 3.24. The category of (5, x)-(semi-)stable decorated pseudo principal bundles is equivalent to 
the category of (5, \)-{semi-)stable decorated principal bundles. 

3.7. Construction of the Parameter Space. As in the case of tumps, the parameter space is con¬ 
structed as the fine moduli space of another moduli functor. Let Y f be a complex vector space of 
dimension pt(n) := d t + r t {n + 1 — g), t € T, and set Y := (Y f , t. £ T). 

Definition 3.25. A family of decorated quotient pseudo principal bundles parametrized by a scheme S 
is tuple (qs, N$, ts, ss), where qs '■ Y <g) pr^ Ox(—n) —> Eg is a quotient of T-split vector bundles with 
r(E) = r, such that 

Ws*(qs <8> idpri Ox(n)) - Y ® -> Ws*( E s ® O x (n)) 

is an isomorphism, and ( Eg,Ns,Ts,ss ) is a family of decorated pseudo principal bundles. 

Proposition 3.26. The fine moduli space QPPB n of decorated quotient pseudo principal bundles exists. 

Proof. Let Quot„ be the scheme from Proposition 2.12 with the universal quotient of T-split vector 
bundles q : Y <g> pr^ Ox{~n) —> Q. The determinant of the total sheaf Qtot := ©t g T Q* determines a 
morphism Quot n —> Jac°. Let P\ be the fiber over the point corresponding to the trivial bundle Ox- 
Then there is a line bundle A on Pi, such that det(Qtot) — pi'p, A. Using the canonical isomorphism 

r— 1 

Qto t = det(Q t ot) v <S> /\ Qtot ■ 
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the surjection Y ® pr\- Ox(—n) —> Q on Pi x X induces a surjection 

Sym (w® pr Pi A v <g> f\ (Y t „t ® pr^(0 x (-«))) —> Sym ( (J) IF 4 0 


OGT 


with Ytot := ® (6T W. Over Pi we consider the sheaf 


P '2 ■= (J) Horn |sym* (^W ® pr Pi A v ® /\ Y tot ^ , pr Pl * pr* O x (in(r - l))j . 

For large enough n this sheaf is locally free and the evaluation maps 

evj : H°(X, O x (in(r - 1))) <g> Op 2X x -t pr* O x (in(r - 1)), i = l,...,d 
are surjective. We compose these with the tautological homomorphisms to construct the homomorphisms 

ipi: Sym* {^W <g> pr Pi A v 0 f\ Y to ^j —>■ pry O x (in{r - 1)), i = 1,..., d 
on P 2 x -X”. We tensor each (pi with id pr ^ <p x (_OT(r_i)) and consider the homomorphism 

d / r—l \ G 

ip: W := (J) Sym* ( W ® pr Pi A v ® f\ (Ytot ® PYy ( ~n )) J -> Op 2 x a • 

This determines a homomorphism of 0 P2X x-algebras 

r 2 : Sym(W) -A- Op 2XX , 

By our choice of d we also have a surjection of graded 0 P2X x-algebras 


Sym(W) —> Sym © w* ® P r Q UOt „ Q 


,tV 


VteT / 

Let P 3 C P 2 be the closed subscheme, such that r 2 factors through this surjection over P 3 x X. We 
obtain the homomorphism 

/ \ G 


r 3 : Sym © W * <8> PfQuot Q* ] ^P 3 


xX 




Let QPPB„ be the associated projective bundle P(prq uot Qa)\p 3 x{x 0 } over ^3- On QPPB ra xX we have 
the quotient q := prq uot q of T-split vector bundles and the homomorphism t := pr Pa x y r 3- Together 
with the tautological homomorphism s : E a —> N := C?p(qppb )(1) we have a universal family {q, N, t, s) 
of decorated quotient pseudo principal bundles. □ 


3.8. Proof of Theorem 3.8. Let QTmp n be the moduli space of decorated quotient tumps from Propo¬ 
sition 2.12 and QPPB„ the moduli space of decorated quotient pseudo principal bundles from Proposition 
3.26. The associated family of decorated quotient tumps determines a GL p (Y)-equivariant morphism 
/ : QPPB n -A QTmp n . We let 

QPPB^ Hs)s := f - 1 (QTmpi A ’ 5 ’^ Hs)s ) 

denote the open subscheme of (semi-)stable objects. 

By Proposition 2.23 the class of asymptotically (5, k, %)-semistable decorated tumps is bounded. Hence, 
there exists an no such that for every n > no and every decorated pseudo principal bundle (E, r, s ) the 
T-split bundle E{n) is globally generated and H 1 (E t (n)) vanishes for all t € T. An easy consequence is 
the following lemma. 

Lemma 3.27. The family (E, N, t , s) on QPPB„ satisfies the local universal property for families 

of ( 6 , x)-{semi-)stable decorated pseudo principal bundles. 

There is a natural action of GL P (Y) on QPPB„. As in the case of tumps one checks the following: 
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Lemma 3.28. Let f\,f^ '■ S —> QPPBft- be two morphisms. Then the pullbacks of the locally 
universal family are isomorphic if and only if there exists a morphism g : S GL-ftP) such that 
9- h = h- 

To finish the proof it suffices to construct the GL-r(F)-quotient of QPPB^ -* 


Proof of Theorem 3.8. Since C* acts trivially on Quot n , we can construct the weighted projective space 
Z := QPPB n /C* over Quot n . Because C* acts trivially on QTrrip n , the morphism / factors through 
a morphism / : Z —> QTmp„ over Quot„. This morphism is proper and by Lemma 3.17 also injective. 
Thus, by [8], 8.11.1, it is finite and in particular affine. The same is true for the restriction 


/:QPPB 


(<5,x)-(s)s 


/C* = r 1 (QTmpi A,5 ’-^ Hs)s ) QTmp 


(A,5,re,x)-(s)s 


If we suppose aS < 1, then the proof of Theorem 2.9 shows that the (projective) SLr(Y)-quotient of the 
right-hand side exists. By [14], 5.1 Lemma, the (projective) GIT-quotient 

QPPBi^ Hs) 7/GL T (y) = (QPPB^ Hs) 7<C*)//SL T (y) 


also exists. 


□ 


4. Examples 

We show that the construction from Section 3 specializes to parabolic bundles or principal bundles 
with a level structure for certain choices of a. 

4.1. Parabolic Principal Bundles. Let Q C P be a parabolic subgroup and w a rational one-parameter 
subgroup of G with Qg{w ) = Q. 

Definition 4.1. A parabolic principal bundle is a principal bundle P on X together with a point s £ 

P/Q\x 0 - 

We consider the embedding l := („ ok : G —»• GL(Wtot)- The one-parameter subgroup r*ie defines a 
weighted flag (W,,/3) of Wtot- Let l be the length and r the type of this flag. Then the embedding i also 
induces a closed embedding of G/Q into the flag variety Fl(W to t,r) = GL(ll / tot)/QGL(w t ot)(** u ')' Using 
the Pliicker and the Segre embedding we obtain an embedding i : G/Q —> P(V) with 

( l r-ri 

0 A 

<=i 

Here, z is the least common denominator of /3i,..., 

Let Xw be the character dual to zw. The group G is a Q-principal bundle on G/Q and the associated 
line bundle L{w) := Gx x ” C over G/Q is ample. Note that there is a natural linearization of the G-action 
in L(w) and we have L(w) = **C?p(y)(l). Since P/Q is isomorphic to the associated projective bundle 
with fiber G/Q , we obtain a closed embedding P/Q —> Py , where a is the natural G-action on V. Thus, 
a parabolic principal bundle defines a cr-decorated principal bundle. It is obvious that the corresponding 
natural transformation of moduli functors is injective. 

Definition 4.2. We call a parabolic principal bundle %-(semz-)sta6/e if its associated cr-decorated prin¬ 
cipal bundle is (6, x)-(semi-)stable with S := 1 /z. We call two parabolic principal bundles S-equivalent if 
their associated decorated principal bundles are so. 

For a T-split vector subbundle F C E and a flag U, of E\ xo we set 

i (u.) 

pardeg|^(F) := deg^(F) + ^ ft dnmJUi n F\ Xo ) 

i=1 

Lemma 4.3. Let (P, s ) be a parabolic vector bundle, E the T-split vector bundle associated with P and 
U m the flag of E\ Xo defined by s and W ,. Then (P,s ) is x~(semi~)stable if and only if the condition 
l(E.) 

a i (pardeg^(F)r k (P j ) -p a r de g^(P i )r k (E)J (>)0 
j=i 

holds for every weighted filtration coming from a weighted reduction of P. 
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Proof. This is a consequence of Lemma 3.9 and the stability condition in flag varieties. □ 

Corollary 4.4. For JT =1 ft < 1 t/ie ( projective ) moduli space of x~{ sem i-) stable parabolic principal 
bundles exists. 

Proof. The closed embedding G/Q —¥ IP(V') induces an injective natural transformation from the moduli 
functor of parabolic principal bundles to the moduli functor of decorated principal bundles. It also 
determines a closed invariant subscheme of the parameter space P and hence a closed subscheme of the 
moduli space of decorated principal bundles, if it exists. Since a is polynomial and homogeneous of degree 
7 := Pi( r ~ Tj), Theorem 3.8 states the existence for 7 /z < 1. However, as explained in Remark 

7.1 in [2] in the case of parabolic bundles one can relax this condition to Xu = i ft < 1. □ 


Remark 4.5. The moduli space of parabolic bundles with semisimple structure group was constructed in 
[9]. By Lemma 4.3 our stability condition specializes to their condition (compare Proposition 5.1.3 in 
[9]). One checks that the notions of S-equivalence also agree. Thus, our result generalizes Theorem 3.2.3 
in [9] for reductive groups. 

4.2. Principal Bundles with a Level Structure. Let G be a connected, semisimple group, G a d := 
G/Z(G) its adjoint group and tt : G —> G the universal cover. We fix a Borel subgroup B C G and a 
maximal torus T C B. Denote by <f> C X*(T) the set of roots of G, by <f> + the set of positive roots with 
respect to B and by A the set of simple positive roots. For every dominant weight x £ X*(T) there is 
an irreducible representation V (x) of G with highest weight %• We fix a regular fundamental weight x, 
i.e., (a, x) > 0 for all a € A, and set V := V(x)- The action of G on P(P V ) induces a faithful action of 
G ac j, and the morphism 

/ : G ad -> P(End(P) v ) 

is a G x G-equivariant locally closed embedding of G a d- 

Definition 4.6. The closure G a d := im(/) is the wonderful compactification of G. 


This definition is in fact independent of the choice of regular highest weight x- 

Proposition 4.7 (De Concini-Procesi, [6, §3.1, Theorem]). The wonderful compactification has the 
following properties: 

(i) Gad Is smooth. 

(ii) Gad \ Gad is a union of smooth prime divisors S a , a € A, with normal crossings. 

(iii) For every subset I C A the closed subscheme Si := n ae /S' a is the closure of a unique orbit, and 
every orbit closure is of this form. 


For a subset / C A of simple roots let denote the roots spanned by A \ I. We consider the 
Lie-algebras 

I I : = ! + ^ 0a , 

as well as pi := 1/ + u and p7 ■'= 1/ + u _ . Here, t is the Lie algebra of the torus T, u is the Lie-algebra 
of the unipotent radical of B and u _ the Lie algebra of its opposite group. We denote the corresponding 
subgroups by Lj, Pj and Pff. 

There is finite set Str(V) C X*(T) and a decomposition of V a direct sum of eigenspaces V x , 
x' € St-r(P). We set 


St£(V) 


x' e St T (V) 


3n £ : x' = X ~ 

aSA \i 



and V 1 := © x ' e st7(v) ^ X '■ Denote by pij : V —> V 1 the projection with pr i(V x ') = 0 for x! St^(P). 

Proposition 4.8 ([6, §5.2, Theorem]). Let I C A. Then Oi is the (G x G)-orbit of [pry] in P(End(P) v ). 
R is a fiber bundle over G a d/P/ x G a d/Pf with typical fiber (L/) a d- 
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Remark 4.9. Let x«> a £ A, be dominant weights, such that their sum is regular. This is the case for 
the fundamental weights. Then one can construct the wonderful compactification also as the closure of 
the image of 

Gad n P(End(y( Xa )) V ). 

aeA 

If the Xa are such that the G action on V(xa) comes from a representation of G, then for a tuple of 
positive integers 9 a , a £ A, we obtain a natural linearization of the G xG action in the ample line bundle 

®~Gl d(-) := ^ P 1 >(End(y(xc)) v ) Gp(End(y(x c ,)) v )(^a) 
aeA 

Let a denote the left action of G = {e} x G on G a d- 

Definition 4.10. A level structure on a principal G-bundle P is a point s £ {P x a G a d)|;„ 0 . 

Remark 4.11. By Proposition 4.8, the datum of a level structure in P corresponds to the datum of a 
subset I C A, a reduction of P\ Xo to Pf ~, a point in GjPj and a point in a fiber isomorphic to (L/) a d- 

If x is such that V (x) is a representation of G, then there is a natural linearization of a in the ample 
line bundle Gp(End(v(x)) v (1)- A principal bundle with a level structure is a u-decorated principal bundle. 
Since we assume G to be semisimple, there are no non-trivial characters on G. The principal bundles 
with a level structure thus inherit a notion of A 2 -(semi-)stability. 

Corollary 4.12. For 0262 < 1 the ( projective ) moduli space of <52-(semi -)stable principal bundles with a 
level structure exists. 

4.3. Stability of level structures. While the existence of the moduli space of bundles with a level 
structure is a trivial consequence of the general theory, it is interesting to express the stability condition 
in terms of associated vector bundles for the classical groups. 


4.3.1. The special linear group. We start by discussing the case G = SL(n). By Remark 4.9, the wonderful 
compactification PSL(?r) is the closure of the image of SL(ra) in 


ID 




By Remark 4.11, a point h in PSL(?r) corresponds to a sequence 1 < rq < ... < rj, < r^+i = n, a 

descending flag W, in C r of length k with dim(Wj) = r—rj, an ascending flag W', in C r with dim(IPj) = ry 

and isomorphisms [otj\ £ P(Hom(W / j_i/lTj, W'^/W'^^) for j = 1,... ,k + 1. For a number 1 < i < n 
we set 

j~(i) : = max{j | j = 0,..., k , rj < «} , i- : = rj_ {i) , 

j + (i) : = min{j | j = 1 ,..., k , i < rj} , i + : = r j+(i) . 

According to [10, Proposition 1] the point h is represented by the homomorphisms hi induced by the otj 
via the following diagram: 


( 12 ) 


A cr 


hi | 

4 

i 

A c " 


fi-WLj-Li-i 

§ A (ww^o 

j—1 


(j-(i ) 1 

5 A CL'/iq'-, 

i =1 






PSL(n) 


We fix an ample line bundle O- 


(0i, ..., 0 n - 1 ). 



A GENERALIZATION OF PRINCIPAL BUNDLES WITH A PARABOLIC OR LEVEL STRUCTURE 


23 


Lemma 4.13. Let A £ X*(SL(n)) be a one-parameter subgroup with associated weighted flag (V.,a) and 
h £ PSL(?r) with descending flag W, as above. Then we have 

1(V.) n— 1 

/i(A, h) = cu, ^ 0» (nci(Vj,W.) - idim(Vj)) 

1=1 * = 1 

with 

(13) Ci(U,W») := min {dim(f7/(f7 fl (*)))> dim(f7/(f7 D W}_(j))) + i — i_ } . 

Proof. For fixed j and i one needs to determine the maximal dimension of a subspace U of Vj , such that 
its basis vectors occur in a pure vector v in /\‘ C n with hflv) ^ 0. This is equivalent to U fl Wj+o) = {0} 
and dim(?7 fl Wj_^j) <i — i-. □ 

Let now (P, s) be an SL(n)-bundle with a level structure. The bundle P corresponds to a rank -n 
vector bundle E with trivial determinant. By Remark 4.11, the datum of a level structure s on E 
determines a sequence 1 < r\ < ... < rk < rk+i = n and a descending flag W, in Ei Xg of length k with 
dim(Wj) = r — rj. An easy consequence of Lemma 4.13 is the following: 

Proposition 4.14. The SL (n)-bundle P with level structure s is 6-(semi-)stable if and only if every 
non-trivial proper subbundle F of the associated vector bundle E satisfies 

n— 1 

deg(F)n (<) 6 9, (d(F\ Xo ,W.)n - i rk(P)) 

2=1 

Remark 4.15. This is just the stability condition for vector bundles with a level structure with trivial 
determinant (c.f. [12, Theoreme A] and [2, Proposition 7.3]). 


4.3.2. The odd orthogonal group. Now we consider the case G = SO(n, C) with n = 2 r + 1. Let SO (n) C 
GL(n) be the subgroup leaving invariant the symmetric bilinear form given by 

/° 1 \ 

M n := y £<C” xn . 

V 0 / 


on V := C n . A maximal torus T is then given by the diagonal matrices in SO(n). As a Borel subgroup 
we choose the upper triangular matrices in SO(n). We define the characters 

F?:(diag(zi, ...,z r , lyf 1 , ■ ■ ■ yf 1 )) ■= z it i = l,...,r. 

The simple roots are a,; := Li — Li + 1 for i = 1,... , r — 1 and a r := L r \ the corresponding fundamental 
weights are uii := J 2 j = i Lj for i = 1,..., r — 1 and u r := \ ^j- I" order to obtain representations 

of SO(n) rather than the spin group we work with the weights \i := f° r * = 1,..., i— 1 and Xr '■= 2 ui r . 
The corresponding irreducible representations are just V(Xi) — A* ^ ( see e -g• [7, §18]). According to 
Remark 4.9 the wonderful compactification SO (n) can be constructed inside 


Y fl P f End 

2=1 V 



A point h £ SO(n) corresponds to a subset r C (1,..., r} and a descending coisotropic flag W, of length 
k = \r\ in C n with dim(VF J ) = n — rj, an ascending isotropic flag W' in C” with dim (W') = rj and 
isomorphisms [a,] £ P(Hom(lT J _i/W / j, W / j_i/B / /) v ) for j = 1,..., k + 1. Here we use Wk +i := W^~ and 
W ' k+ 1 = Wjfl. Note that «fc+i is orthogonal. 

The point h can reconstructed from these data via the diagram (12). We now fix an ample line bundle 
^SO(ri)(^l’ • • ■ > 9 t ) • 

Lemma 4.16. Let A £ X*(SO(n)) be a one-parameter subgroup with associated weighted flag (V,,a) and 
h £ SO(n) with descending coisotropic flag W, as above. Then we have 

l(V.)/2 n -1 

p(\,h) = a j^Z e i nc 'i ( yp W ') 

3 =1 *=1 
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with 

c'flU, W.) := a(U, W.) + Ci{U^,W.) - i. 


Proof. The one-parameter subgroup A determines a weighted flag of the form 

{0} c Vl c • • • c v s C V/ C • • • C C C n 


with isotropic spaces V \,..., V s and weights (a \,..., a s , a s ,..., a\). Since dim(/7 J ‘) = n — dim(f7) the 
formula follows from Lemma 4.13. □ 


Let (P, s) be an SO(?z)-bundle with a level structure. The bundle P determines a vector bundle E of 
rank n together with a symmetric isomorphism ip : E —> P v . A level structure on P determines a subset 
r C {1,..., r} and a descending coisotropic flag W, of length k = |r| in E Xo with dim(Wj) = n — rj. 

Proposition 4.17. The SO (n)-bundle P with a level structure is 5-(semi-)stable if and only if every 
isotropic subbundle F C E satisfies 

r 

2deg(F)(<)6^2e i cf i (F lxo ,W.). 

i=1 

Proof. The test objects are weighted reductions of P to a parabolic subgroup, i.e. flags of the form 
(14) {0} C Pi C • • • C Fi C Pj 1 C • • • C F^~ C E 

Since deg(P,) = deg(Fj-) and deg(P) = 0 the claim follows from Lemma 4.16. □ 


4.3.3. The symplectic group. We come to the case G = 
fixing the antisymmetric bilinear form 



Sp(2r). Let Sp(2r) C GL(2r) be the subgroup 



on b := C 2r . With this convention, we can choose the set of diagonal matrices as a maximal torus T and 
the set of upper triangular matrices as a Borel subgroup. We define the characters P,; € X*(T) by 


Pj(diag(zi ,... ,z r ,z r 1 ,...,z 1 : )) := z t . 


Then, the primitive roots are on := Lj — Pj+i for 1 < i < ?— 1 and 2 L r . The corresponding fundamental 
weights are w,; := J2j =i ^:i for i = 1,. .., r. Let </?i : A* V —> /\‘~ V be the contraction using J. Then, the 
irreducible representations with highest weight w, are V\ := V for i = 1 and V) := ker(y>j) for i = 2,..., r 
(see [7, §17]). Note that a pure vector in f\ V lies in V) if and only if it is a wedge product of basis vectors 
of an isotropic subspace. The wonderful compactification Sp(2r) of Sp(2r) can thus be constructed inside 

r 

P P (End(V)) v ) . 


A point h. G Sp(2r) determines a subset {ri,..., r*,} C {1,...,?’}, a descending coisotropic flag W, 
of length k in V with dim (Wj) = 2r — rj, an ascending isotropic flag W', in V with dim(W)) = rj, 
isomorphisms aj € P(Hom(W r j_j./W r j, W)/W)_ 1 ) v ) for j = 1 and a symplectic isomorphism 

[aifc+i] G P(Hom(Wfe/W^ L , /W' k Y). The homomorphisms hi defined as in (12) restrict to endo- 
morphisms of V), which represent h. 

We fix an ample line bundle on Sp(2r) by choosing positive integers 9 \,..., 9 r . 


Lemma 4.18. Let A G X*(Sp(2r)) be a one-parameter subgroup with associated weighted flag (V,,a) and 
h G Sp(2r) with descending coisotropic flag W, as above. Then we have 

l(V.)/2 r 

n( A, h) = 2 r 9i max{ c'flVj,^.) \ IT. G D(W.)} . 

j=l i= 1 

Here, D(W,) denotes the set of all extensions IT. : W\ D ■ ■ ■ D Wk A IT ofW .. such that W is maximal 
isotropic. 
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Proof. The flag V,, is of the form 

{0} c Vi c • • • c V, c F s+1 = V, 1 - c • • • c C 2s = V 1 ± cV 

with isotropic subspaces Vi,... ,V S and weights (or, ... ,a s ,a s ,... ,a i). Now for fixed i and j one needs 
to determine a subspace U C Vj of maximal dimension, such its basis vectors occur in a wedge product 
v G Vi with hi(v) ^ 0. The former condition means that U is isotropic. Now one can always choose a 
symplectic basis of V that extends bases of W, and Vj. Then it is clear that for such a subspace U there 
exists an isotropic subspace W C W k with U fl W = {0}. Conversely, if W C W k is maximal isotropic, 
then there exists an isotropic subspace U C Vj with U fl W = {0} and dim(/7 n Wj_^) < i — i_ of 
dimension c(Vj, W,)- □ 

Let now P be a principal Sp(2r)-bundle with a level structure s. The datum of P is equivalent to 
the datum of a vector bundle E of rank 2r with an antisymmetric isomorphism <p : E —> E v . The level 
structure determines a subset {n,..., r k } C {1,..., r} and a descending coisotropic flag W, of length k 
in E\ Xo with dim (Wj) — 2r — Vj. 

Proposition 4.19. The symplectic bundle P with level structure s is 6-(semi-)stable if and only if every 
non-trivial proper isotropic subbundle F of the associated vector bundle E satisfies 

r 

2 deg (F)(<)6j2°r max{c'(F| X0 , W.) \ W. G D(W.)} . 

i=1 

4.3.4. The even orthogonal group. Finally, let SO(2r) C GL(2r) be the subgroup fixing the symmetric 
bilinear form given by Af 2r on V := C 2r . Here, the discussion is complicated by the presence of two types 
of maximal isotropic subspaces, the self-dual and the anti-self-dual ones. The isomorphism /\ 2 ' V —> C 
defined by ei A ... A e 2r H > 1 defines a non-degenerate bilinear from A : /\ r V x /\' V —> C and hence an 
isomorphism ip : /\ r V —»• /\ r P v . The map r := ip -1 o A r J satisfies r 2 = id and the representation /\' V 
decomposes into invariant eigenspaces V± with eigenvalues ±1. The image of a subspace U of V under 
the Pliicker embedding lies in the projectivization of one of these if and only if U is maximal isotropic. 
One says that U is self-dual or of type +1 if its image lies in P(H + ) and anti-self-dual or of type —1 if its 
image lies in P(P“). Note that if U and W are maximal isotropic subspaces of type a and b respectively, 
then a = b(- l) d ™(c/nw)-r_ 

Let T be the maximal torus of diagonal matrices and B the Borel subgroup of upper triangular matrices. 
We define the characters Li in X*(T) by 

Tj(diag(zi, ... ,z r , zf 1 , ..., zf 1 )) := z i} 1 <i<r. 

The simple roots are ctj := Li — L.; + i and a r := L r _i + L r ; the corresponding fundamental weights are 
oji := Xu=i Lj for i = 1,..., r — 2 and u>± := ^(Y )]=i Lj ± L r ). We work with the weights \i := an d 
X± '■= 2cv±. Their irreducible representations are V(\i) = f\‘ V for i = 1,..., r — 2 and V(x±) = V ± 
(see [7, §19]). The wonderful compactification SO(2r) is the closure of SO(2r) in 

r —2 i 

P(End(H r +) v ) x P(End(H-) v ) x P(End(/\ E) v ). 

2=1 

A point h G SO(n) determines the following: A subset I of (1,..., r — 2, +, —}, a descending coisotropic 
flag W, of length k in V with dim (Wj) =2 r — rj, an ascending isotropic flag W', in V with dim (Wj) = Vj 
and isomorphisms [af\ G P(Hom(W)_i/W r j, Wl/W’j_ 1 ) v ) for j = 1,..., k. 

Furthermore, if {+, —} f~l 1 = 0 there is an orthogonal isomorphism 

[ak+i] € P(Hom (W k /Wft, W' k ^/WfY). 

For ± G I there is a maximal isotropic subspace W± C W k of type ±(—l) r and a maximal isotropic 
subspace W± D W' k of type ±. If ± G I and T £ I, then there is an isomorphism 

[a±] G P(Hom (W k /W ± ,W' ± /WlfY). 

If we have {+, —} C /, then II 4+1 := W + + W- is coisotropic of dimension r + 1, W k+1 := W' + fl W'_ 
is isotropic of dimension r — 1 and there are isomorphisms [a^+i] G P(Hom(Wfc/Wfc + i, W^ +1 /IF^) V ) and 
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[a±] G P(Hom(W / fc + i/W'±, W / 4/W / fc + i) v )- Note that in this case there are canonical isomorphisms 

(W k+1 /W+) w *£ (W+/(W+ n W_)) S* W k+1 /W- , 

(W' + /W' k+I y - (W[ + W'_)/W' + - W'_/W ' k+1 , 

and one has [(a+) -1 ] = [a_] in P(Hom(Wfc + i/W±, Wj./M^ +1 ) v ). 

We have to explain how to reconstruct h from the data above: For i = — 2 we define 

homomorphisms hi as in (12). If {+, —} f~l I = 0, the homomorphism h r defined as in (12) using 
W k+ i := W k and W k+1 := W restricts to homomorphisms h± : -A V ± because a k +i is orthogo¬ 

nal. If {+, —} C /, then one defines h+ and h- via (12) with the flags W\ D • • • D (W + + W -) A W± 
and W{ C • • • C W' + n WL C W' ± . 

If {+, — }n/ = {+}, h+ can be constructed via (12) using W k +i := W+, W' k+1 := W' + and a k+ ± = a + . 
In order to define , we consider the isomorphism 

(a+r 1 : W + /Wt = (W k /W + y —> (W^/W^ - W' k x /W' + . 

Now, h- is dehned as the homomorphism induced by ai,... a k , a+ and (a^) -1 via 


r 







A similar construction yields h + if {+, —} f~l J = {—}. These homomorphisms represent h. 

We define D±(W,) to be the set of flags W\ D • • • D W k A W with the following properties: 

• If ± € /, then W = W±. 

• In any case, W is maximal isotropic of type ±(—l) r . 

• If =F G /, then dim(IF + Wz F ) = r + 1. 

Lemma 4.20. Let A G AT»(SO(2r)) be a one-parameter subgroup with associated weighted flag (14, a) 
and h G SO(2r) with descending coisotropic flag W, as above. Then we have 

MA, [ ft ±]) = m ax { C ;(f7, W.) | W. G £>±(W.)} = : c±(^ W.). 

Proof. Since any two parabolic subgroups contain a common maximal torus, we may assume that 14 
and W, are defined using the standard basis of V. If {+, —} D I = 0, then the argument is the same as 
in the symplectic case. If + G I, the set D + (W ,,) contains precisely one flag and the result is obvious. 
Similarly if — G I. Suppose now that {+, —} D I — {+}. Then for a subspace U C Vj contained in an 
anti-self-dual maximal isotropic subspace U' with dim([/ / fl W + ) = 1 and U' fl W k = {0} there exists a 
maximal isotropic complement W C W k of U' of type —(—l) r with dim(IF + W+) = r + 1. Conversely, 
if W C W k is a maximal isotropic subspace of type — (—l) r with dim (IF + W + ) = r + 1, then there is a 
subspace U C Vj of dimension c(V), IT*) that is contained in an anti-self-dual maximal isotropic subspace 
U' C V with with dim(f7' fl W + ) = 1 and U' fl W k = {0}. □ 

Let P be an SO(2r)-bundle with a level structure. The bundle P determines a vector bundle E of 
rank 2 r together with a symmetric isomorphism ip : E —>• E w . A level structure on P provides a subset / 
of {1,..., r — 2, +, —} and a descending coisotropic flag IT. of length k in E\ Xo with dim(IT ; ) = 2r — rj. 
We hx an ample line bundle on SO(2r) by choosing positive integers 0i ,..., 0 r _2, 0- and 6 + . 

Proposition 4.21. The SO(2r)-bundle P with a level structure is 6-(semi-)stable if and only if every 
non-trivial proper isotropic subbundle F of the associated vector bundle E satisfies 

r—2 

2deg(F) (<) 58 + c' + (F lxo ,W.) + 59_c'_(F\ Xo ,W,) + dJ2^i(F\ Xo ,W.). 

i =1 
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Proof. The computation of /i(A, [h;]) for i = 1,..., i — 2 has been carried out in the proof of Lennna 4.13. 
Together with Lemma 4.20 the claim follows. □ 
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